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Abstract
We propose a model for the spontaneous CP violation based on SU(2)L×U(1)Y ×A4×CP ×Z2
symmetry for quarks and leptons in a seesaw framework. We investigate a link between the CP
phase in the Cabibbo-Kobayashi-Maskawa (CKM) matrix and CP phase in the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix by using the present data of quark sector. In our model CP is
spontaneously broken at high energies, after breaking of flavor symmetry, by a complex vacuum
expectation value of A4-triplet and gauge singlet scalar field. And, certain effective dimension-5
operators are considered in the Lagrangian as an equal footing, in which the quarks lead to the
CKM matrix of the quark mixing. However, the lepton Lagrangian still keep renormalizability,
which gives rise to a non-degenerate Dirac neutrino Yukawa matrix, a unique CP-phase, and the
nonzero value of θ13 ≃ 9◦ as well as two large mixing angles θ12, θ23. We show that the generated
CP phase “ξ” from the spontaneous CP violation could become a natural source of leptogenesis
as well as CP violations in the CKM and PMNS. Interestingly enough, we show that, for around
ξ ≃ 110◦(140◦), we obtain the measured CKM CP-phase δqCP ≃ 70◦ for normal (inverted) hierarchy.
For the measured value of θ13 we favor the PMNS CP-phase around 30
◦, 200◦, and |θ23 − 45◦| → 0
for normal mass hierarchy and around 60◦, 110◦, 230◦, |θ23 − 45◦| → 5◦ for inverted one. As a
numerical study in the lepton sector, we show low-energy phenomenologies and leptogenesis for
the normal and inverted case, respectively, and a interplay between them.
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I. INTRODUCTION
CP violation (CPV) plays a crucial role in our understanding of the observed baryon
asymmetry of the Universe (BAU) [1]. This is because the preponderance of matter over
antimatter in the observed Universe cannot be generated from an equal amounts of matter
and antimatter unless CP is broken as shown by Sakharov (1967), who pointed out that in
addition to CP violation baryon-number violation, C (charge-conjugation) violation, and a
departure from thermal equilibrium are all necessary to successfully achieve a net baryon
asymmetry in early Universe. In the Standard Model (SM) CP symmetry is violated due to
a complex phase in the Cabibbo-Kobayashi-Maskawa (CKM) matrix [2]. However, since the
extent of CP violation in the SM is not enough for achieving the observed BAU, we need
new source(s) of CP violation for a successful BAU. On the other hand, CP violations in the
lepton sector are imperative if the BAU could be realized through leptogenesis. So, any hint
or observation of the leptonic CP violation can strengthen our belief in leptogenesis [3, 4].
The violation of the CP symmetry is a crucial ingredient of any dynamical mechanism
which intends to explain both low energy CP violation and the baryon asymmetry. Renor-
malizable gauge theories are based on the spontaneous symmetry breaking mechanism, and
it is natural to have the spontaneous CP violation (SCPV) [5, 6] as an integral part of that
mechanism. Determining all possible sources of CP violation is a fundamental challenge
for high energy physics. In economical viewpoint, it would be good if both leptonic- and
quark-sector CPV phases are originated from a single source, for example, the one in the
complex vacuum in the SCPV [5, 6]. There is a common problem in models with SCPV,
however, which is that a strong QCD ϑ¯eff term will be generated. However, a SCPV can
provide a solution to the strong CP problem, if the parameter ϑ¯eff related to the strong CP
problem is vanishing at tree level and calculable at higher orders [7].
We propose a model for the SCPV based on an A4 flavor symmetry for quarks and lep-
tons in a seesaw framework. The seesaw mechanism, besides explaining of smallness of the
measured neutrino masses, has another appealing feature: generating the observed baryon
asymmetry in our Universe by means of leptogenesis [3]. CP symmetry is spontaneously
broken at high energies, after breaking of A4 flavor symmetry, by a complex vacuum ex-
pectation value (VEV) of A4-triplet and gauge singlet scalar filed χ, which is introduced to
give the correct flavor structure in the heavy neutrino sector. The main goal of our work is
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twofold: First, we investigate CP violation in the quark and lepton sectors and show how
CP phases in both CKM and Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrices can be
obtained simultaneously through spontaneous symmetry breaking mechanism. Second, we
show that the phase generated through the SCPV can be a unique CP source of both CKM
and PMNS matrices, and discuss how to link between leptonic mixing and leptogenesis
through the SCPV.
This work is an extension of that in [9] in such a way that (i) the A4 flavor symmetry
is spontaneously broken, and thereby a CP breaking phase is generated spontaneously, and
(ii) in the quark sector all possible effective dimension-5 operators which are invariant under
SU(2)L×U(1)Y ×A4×CP×Z2 symmetry are introduced to explain the CKM matrix, while
in the lepton sector the renomalizability constraint is kept. Thus, our model can naturally
explain both the CKM mixing parameters (the three angles, θq23, θ
q
13, θ
q
12, and the CKM CP
phase δqCP ) and the PMNS mixing angles (θ23, θ13, θ12).
This paper is organized as follows. In the next section, we show the particle content and
its representations under the A4 flavor symmetry and an auxiliary Z2 × CP symmetry in
our model, as well as construct a Higgs scalar and a Yukawa Lagrangian. In Sec. III, we
discuss how to realize the spontaneous breaking of CP symmetry, and then we outline the
minimization of the scalar potential and the vacuum alignments. In Sec. IV, we consider
the phenomenology of quarks and leptons at low-energy, and in Sec. V we study numerical
analysis for neutrino oscillations and provide the data points for the CKM and PMNS. In
Sec. VI we show possible leptogenesis and its link with low energy observables. We give our
conclusions in Sec. VII.
II. THE MODEL
In the absence of flavor symmetries, particle masses and mixings are generally unde-
termined in a gauge theory. In order to understand the present data for quarks and lep-
tons, especially, the CKM mixing angles (θq23, θ
q
13, θ
q
12 with the CKM CP-phase δ
q
CP ) and the
nonzero θ13 [10, 11] and tri-bimaximal mixing (TBM) angles [12] (θ12, θ23) for the neutrino
oscillation data and baryogenesis via leptogenesis, as well as to predict a CP violation of
the lepton sector, we propose a simple discrete symmetry model for the SCPV based on
an A4 flavor symmetry for quarks and leptons. Here we recall that A4 is the symmetry
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group of the tetrahedron and a finite group of even permutation of four objects [13]. The
group A4 has two generators S and T , satisfying the relation S
2 = T 3 = (ST )3 = 1. In the
three-dimensional unitary representation, S and T are given by
S =

1 0 0
0 −1 0
0 0 −1
 , T =

0 1 0
0 0 1
1 0 0
 . (1)
The group A4 has four irreducible representations, one triplet 3, and three singlets 1, 1
′, 1′′
with the multiplication rules 3⊗ 3 = 3s ⊕ 3a ⊕ 1⊕ 1′ ⊕ 1′′, 1′ ⊗ 1′′ = 1, 1′ ⊗ 1′ = 1′′, and
1′′ ⊗ 1′′ = 1′. Let us denote two A4 triplets as (a1, a2, a3) and (b1, b2, b3), then we have
(a⊗ b)3s = (a2b3 + a3b2, a3b1 + a1b3, a1b2 + a2b1) ,
(a⊗ b)3a = (a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1) ,
(a⊗ b)1 = a1b1 + a2b2 + a3b3 ,
(a⊗ b)1′ = a1b1 + ωa2b2 + ω2a3b3 ,
(a⊗ b)1′′ = a1b1 + ω2a2b2 + ωa3b3 , (2)
where ω = ei2π/3 is a complex cubic-root of unity.
To make the presentation of our model physically more transparent, we define the T -flavor
quantum number Tf as the eigenvalues of the operator T , for which T
3 = 1. In detail, we say
that a field f has T -flavor Tf = 0, +1, or −1 when it is an eigenfield of the T operator with
eigenvalue 1, ω, ω2, respectively (in short, with eigenvalue ωTf for T -flavor Tf , considering
the cyclical properties of the cubic root of unity ω). The T -flavor is an additive quantum
number modulo 3. We also define the S-flavor parity as the eigenvalues of the operator S,
which are +1 and -1 since S2 = 1, and we speak of S-flavor-even and S-flavor-odd fields.
We extend the SM by the inclusion of an A4-triplet of right-handed SU(2)L-singlet Ma-
jorana neutrinos NR, and the introduction of three types of scalar Higgs fields besides the
SM-like SU(2)L-doublet Higgs bosons Φ, which we take to be anA4-triplet: a second SU(2)L-
doublet of Higgs bosons η, which is distinguished from Φ by being an A4-singlet with no
T -flavor (singlet representation), an SU(2)L-singlet A4-triplet scalar field χ:
Φj =
ϕ+j
ϕ0j
 , η =
η+
η0
 , χj , (j = 1, 2, 3). (3)
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We assign each flavor of both leptons and right-handed quarks to one of the three A4
singlet representations: the electron (u, d-quark)-flavor to the 1 (T -flavor 0), the muon (c,
s-quark) flavor to the 1′′ (T -flavor -1), and the tau (t, b-quark) flavor to the 1′ (T -flavor
+1). And, we assign left-handed quarks QL to the A4 triplet representation. (Note in this
respect that our A4 flavor group is not a symmetry under exchange of any two lepton (quark)
flavors, like e and µ, for example. Our A4 flavor group is implemented as a global symmetry
of the Lagrangian, later spontaneously broken, but some fields are not invariant under A4
transformations, much in the same way as the implementation of SU(2)L × U(1)Y in the
SM, where left-handed and right-handed fermions are assigned to different representations
of the gauge group. Then we take the Higgs boson doublet η to be invariant under A4, that
is to be a flavor-singlet 1 with no T -flavor. The other Higgs doublet Φ, the Higgs singlet χ,
and the singlet neutrinos NR are assumed to be triplets under A4, and so can be used to
introduce lepton-flavor violation in an A4 symmetric Lagrangian.
The field content of our model and the field assignments to SU(2)L × U(1)Y × A4 rep-
resentations are summarized in Table I. In addition to A4 flavor symmetry, we impose an
TABLE I: Representations of the fields under A4 and SU(2)L × U(1)Y × Z2.
Field Le, Lµ, Lτ QL eR, µR, τR uR, cR, tR dR, sR, bR NR χ η Φ
A4 1, 1
′′, 1′ 3 1, 1′′, 1′ 1, 1′′,1′ 1, 1′′,1′ 3 3 1 3
Z2 − + + + + − + − +
SU(2)L × U(1)Y (2,−1) (2, 13) (1,−2) (1, 43) (1,−23 ) (1, 0) (1, 0) (2, 1) (2, 1)
additional symmetry Z2, where Le,µ,τ , NR, and η carries Z2-odd quantum number, while
all other fields have a Z2-even one. So this non-flavor symmetry forbids some irrelevant
SU(2)L × U(1)Y × A4 invariant Yukawa terms from the Lagrangian (see the quark La-
grangian).
We impose A4 flavor symmetry for leptons, quarks, and scalars, and force CP to be
invariant at the Lagrangian level, which implies that all the parameters appearing in the
Lagrangian are real. The extended Higgs sector can spontaneously break CP through a
phase in the VEV of the singlet scalar field [14]. The CP invariance in the Lagrangian can
5
be clarified by the nontrivial transformation [15]
ψ → Uψ∗ = ψ , (4)
where the A4 triplet fields ψ = NR, χ,Φ and
U =

1 0 0
0 0 1
0 1 0
. (5)
In our Lagrangian, we assume that there is a cutoff scale Λ, above which there exists
unknown physics.
A. Higgs sector
The full quartic SU(2)L × U(1)Y × A4 × Z2 × CP invariant Higgs potential in Φ, η and
χ is displayed, in general, as
V = V (Φ) + V (η) + V (χ) + V (Φη) + V (Φχ) + V (ηχ) , (6)
where
V (Φ) = µ2Φ(Φ
†Φ)1 + λΦ1 (Φ
†Φ)1(Φ†Φ)1 + λΦ2 (Φ
†Φ)1′(Φ†Φ)1′′ + λΦ3 (Φ
†Φ)3s(Φ
†Φ)3s
+ λΦ4 (Φ
†Φ)3a(Φ
†Φ)3a + λ
Φ
5
{
(Φ†Φ)3s(Φ
†Φ)3a + h.c.
}
, (7)
V (η) = µ2η(η
†η) + λη(η†η)2 , (8)
V (ηΦ) = ληΦ1 (Φ
†Φ)1(η†η) + λ
ηΦ
2
{
[(Φ†η)(Φ†η)]1 + h.c.
}
, (9)
V (χ) = µ2χ {(χχ)1 + h.c.}+m2χ(χχ∗)1 + {λχ1 (χχ)1(χχ)1 + λχ11(χ∗χ)1(χχ)1 + h.c.}
+ λχ12(χ
∗χ∗)1(χχ)1 +
{
λχ2 (χχ)1′(χχ)1′′ + λ
χ
21(χ
∗χ)1′(χχ)1′′ + λ
χ
22(χ
∗χ)1′′(χχ)1′
+ λχ23(χ
∗χ∗)1′(χχ)1′′ + λ
χ
3 (χχ)3s(χχ)3s + λ
χ
31(χ
∗χ)3s(χχ)3s
+ λχ4 (χ
∗χ)3a(χχ)3s + λ
χ
41(χχ
∗)3a(χχ)3s + ξ
χ
1χ(χχ)3s + ξ
χ
11χ(χχ
∗)3s
+ ξχ12χ(χ
∗χ∗)3s + ξ
χ
13χ(χχ
∗)3a + h.c.
}
+ λχ32(χ
∗χ∗)3s(χχ)3s , (10)
in which V (Φχ) and V (ηχ) are given in Eqs. (A1) and (A2). Here µχ, mχ, ξ
χ
1 , ξ
χ
11,12,13,
µΦ and µη have mass dimension-1, while λ
χ
1,...,4, λ
χ
11,12,21,22,23,31,32,,41, λ
Φ
1,...,5, λ
η, and ληΦ1,2 are
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dimensionless. In V (ηΦ) the usual mixing term Φ†η is forbidden by the A4 symmetry. In
the presence of two A4-triplet Higgs scalars χ and Φ, Higgs potential terms involving both
χ and Φ, which would be written as V (Φχ) in Eq. (6), would be problematic for vacuum
stability and one could not get a desirable solution. On the problematic Higgs potential
V (Φχ) in Eq. (A2), unnatural fine-tuning conditions are necessary for vacuum stability 1.
In the limit where the seesaw scale χ field decouples from the electroweak Higgs fields Φ and
η, the decoupling of χ is performed by
λΦχ1,..,5,11,21,31,41,51 → 0 , ξΦχ1,2 → 0 , ληχ1,2 → 0 . (11)
We wish these couplings to be exactly zero or sufficiently small, where “sufficiently small”
means that those terms could not deform a demanded VEV alignment (see later). Note that
the potential V (ηχ) does not affect demanded VEV alignments.
B. Lepton sector
The Yukawa interactions (d ≤ 5) in the neutrino and charged lepton sectors invariant
under SU(2)L×U(1)Y ×A4×Z2×CP (including a Majorana mass term for the right-handed
neutrinos) can be written as
−LνℓYuk = yν1 L¯e(Φ˜NR)1 + yν2 L¯µ(Φ˜NR)1′′ + yν3 L¯τ (Φ˜NR)1′
+
M
2
(N cRNR)1 +
1
2
yνR(N
c
RNR)3sχ
+ yeL¯eη eR + yµL¯µη µR + yτ L¯τη τR + h.c. , (12)
where Φ˜ ≡ iτ2Φ∗ and τ2 is a Pauli matrix. Note here that there are no dimension-5 operators
driven by χ field in the neutrino sector, and the above Lagrangian is renormalizable. The
representation assignments and the requirement that the Lagrangian be renormalizable and
A4-symmetry forbid the presence of tree-level leptonic flavor-changing charged currents. In
this Lagrangian, each flavor of neutrinos and each flavor of charged leptons has its own
independent Yukawa term, since they belong to different singlet representations 1, 1′′, and
1′ of A4: the neutrino Yukawa terms involve the A4-triplets Φ and NR, which combine into
1 Such stability problems can be naturally solved, for instance, in the presence of a discrete symmetry [14]
or extra dimensions or in supersymmetric dynamical completions [16, 17]. In these cases, V (Φχ) is not
allowed or highly suppressed.
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the appropriate singlet representation; the charged-lepton Yukawa terms involve the A4-
singlet η and the A4-singlet right-handed charged-leptons eR, µR, and τR. The right-handed
neutrinos have an additional Yukawa term that involves the A4-triplet SM-singlet Higgs χ.
The mass term 1
2
M(N cRNR)1 for the right-handed neutrinos is necessary to implement the
seesaw mechanism by making the right-handed neutrino mass parameter M large.
After electroweak and A4 symmetry breaking, the neutral Higgs fields acquire vacuum
expectation values and give masses to the charged-leptons and neutrinos: the Higgs doublet
η gives Dirac masses to the charge leptons, the Higgs doublet Φ gives Dirac masses to the
three SM neutrinos, and the Higgs singlets χ gives Majorana masses to the right-handed
neutrino NR. The charged lepton mass matrix is automatically diagonal due to the A4-
singlet nature of the charged lepton and Higgs field. The right-handed neutrino mass has
the (large) Majorana mass contribution M and a contribution induced by the electroweak-
singlet A4-triplet Higgs boson χ when the A4-symmetry is spontaneously broken.
C. Quark sector
In the quark sector, the Yukawa interactions including dimension-5 operators (d ≤ 5)
driven by the χ field, invariant under SU(2)L × U(1)Y × A4 × Z2 × CP , are given by
LqYuk = LuYuk + LdYuk , (13)
where
−LuYuk = yu(Q¯LΦ˜)1uR + yc(Q¯LΦ˜)1′cR + yt(Q¯LΦ˜)1′′tR
+
ysu
Λ
[(Q¯LΦ˜)3sχ]uR +
ysc
Λ
[(Q¯LΦ˜)3sχ]1′cR +
yst
Λ
[(Q¯LΦ˜)3sχ]1′′tR
+ i
yau
Λ
[(Q¯LΦ˜)3aχ]uR + i
yac
Λ
[(Q¯LΦ˜)3aχ]1′cR + i
yat
Λ
[(Q¯LΦ˜)3aχ]1′′tR + h.c. , (14)
−LdYuk = yd(Q¯LΦ)1dR + ys(Q¯LΦ)1′sR + yb(Q¯LΦ)1′′bR
+
ysd
Λ
[(Q¯LΦ)3sχ]dR +
yss
Λ
[(Q¯LΦ)3sχ]1′sR +
ysb
Λ
[(Q¯LΦ)3sχ]1′′bR
+ i
yad
Λ
[(Q¯LΦ)3aχ]dR + i
yas
Λ
[(Q¯LΦ)3aχ]1′sR + i
yab
Λ
[(Q¯LΦ)3aχ]1′′bR + h.c. . (15)
Note that in the above Lagrangian in order to keep CP invariance the imaginary “ i ” is added
in the terms associated with the antisymmetric product of two A4 triplets in dimension-5
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operators. In the above Lagrangian, each flavor of up-type and down-type quarks has its own
independent Yukawa term, since they belong to different singlet representations 1, 1′′, and
1′ of A4: the terms involve the A4-triplets Φ and QL, which combine into the appropriate
singlet representation. The left-handed quark doublet QL transforms as a triplet 3, while
the right-handed quarks (up-,down-type) (uR, dR), (cR, sR), (tR, bR) transform as 1, 1
′′ and
1′, respectively. We note that the A4-triplet scalar field χ drives the dimension-5 operators
in the quark sector shown in Eqs. (14) and (15); the dimension-5 operator terms involve
the A4-triplet Φ and QL fields, which combine into the right-handed quarks uR(dR), cR(sR),
and tR(bR). Thus, through spontaneous CP breaking this χ field plays a role to connect the
lepton and quark sectors to one another through the higher dimensional operators.
After electroweak and A4 symmetry breaking, the neutral Higgs fields acquire vacuum
expectation values and give masses to the up- and down-type quarks. In the renormalizable
terms the Higgs doublet Φ gives Dirac masses to the up- and down-type quarks, and the
quark mass matrices are automatically diagonal due to the A4 structure of field contents; it
provides the CKM matrix to be the identity, i.e. VCKM = I. Including higher dimensional
operators driven by the Higgs singlets χ field give next-leading order masses to the up- and
down-type quarks, and provide the correct CKM matrix (see later).
III. SPONTANEOUS CP VIOLATION
The Higgs potential of our model is listed in Eq. (18). While CP symmetry is conserved
at the Lagrangian level because all the parameters are assumed to be real, in our model
it can be spontaneously broken when both the A4-triplets χ and Φ and the A4-singlet η
acquire complex VEVs. In addition, when a non-Abelian discrete symmetry like our A4 is
considered, it is crucial to check the stability of the vacuum.
Now let us discuss the how of realization of the spontaneous breaking of CP symmetry.
A. Minimization of the neutral scalar potential
The model contains four Higgs doublets and three Higgs singlets. After electroweak- and
A4-symmetry breaking, we can find minimum configuration of the Higgs potential by taking
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the following:
〈Φj〉 =
 0
eiφj√
2
vΦj
 , 〈η〉 =
 0
eiϕ√
2
vη
 , 〈χj〉 = vχjeiξj , (16)
with j = 1, 2, 3, where vΦ1,2,3 , vχ1,2,3 , and vη are real and positive, and φ1,2,3, ξ1,2,3, and ϕ
are physically meaningful phases. The relative phases of Φj , χj , and η are dynamically
determined by minimizing the Higgs potential.
Since the SU(2)L-singlet scalar field χ is much heavier than the other two gauge doublet
scalar fields Φ and η, then the field χ is decoupled from the theory at an energy scale much
higher than the electroweak scale. In order for vacuum stability to be well described (see
Eq. (11)), we assume more precisely
|coupling constants(Φχ)| × |seesaw VEV||electroweak VEV| ≪ 1 . (17)
And, even the potential V (ηχ) does not deform a desirable vacuum alignment, without loss of
generality, here we have switched off the couplings in V (ηχ). Under the above assumptions,
we get
V = V (χ) + V (Φ) + V (η) + V (ηΦ) . (18)
First, the vacuum configuration for χ is obtained by vanishing the derivative of V with
respect to each component of the scalar fields χj and ξj. Then, we have three minimization
equations for VEVs and three equations for phases:
∂V
∂χj
∣∣∣
χj=〈χj〉
= 0 ,
∂V
∂ξj
∣∣∣
ξj
= 0 , for j = 1, 2, 3 . (19)
Concerning the above equations, by excluding the trivial solution where all VEVs vanish,
we find
υ2χ = −
2m2χ + 4µ
2
χ cos 2ξ
4(λ˜χ1 + 2λ˜
χ
2 cos 2ξ + 2(λ
χ
1 + λ
χ
2 ) cos 4ξ)
6= 0 , ∂V
∂χ2
∣∣∣ = ∂V
∂χ3
∣∣∣ = 0 , (20)
where λ˜χ1 = λ
χ
12 + 2λ
χ
23, λ˜
χ
2 = λ
χ
11 + λ
χ
21 + λ
χ
22 and 〈χ1〉 = vχ. With the vacuum alignment of
the χ field, Eq. (20), the minimal condition for ξ1 ≡ ξ is given as
− 1
4
∂V
∂ξ1
∣∣∣
ξ
= v2χ
{
µ2χ + v
2
χ
(
λ˜χ2 + 4(λ
χ
1 + λ
χ
2 ) cos 2ξ
)}
sin 2ξ = 0 , (21)
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and ∂V
∂ξ2
∣∣∣ = ∂V∂ξ3 ∣∣∣ = 0 is automatically satisfied with respect to ξ2, ξ3. So, we find a nontrivial
VEV configuration for the χ field
〈χ〉 = vχeiξ(1, 0, 0) . (22)
For the vacuum alignment given in Eq. (22), the scalar potential can be written as
Vχ = v
4
χ
{
λ˜χ1 + 2λ˜
χ
2 cos 2ξ + 2(λ
χ
1 + λ
χ
2 ) cos 4ξ
}
+
1
2
v2χ
{
2m2χ + 4µ
2
χ cos 2ξ
}
. (23)
Depending on the values of ξ, the VEV configurations are given by:
(i) for ξ = 0,±π
υ2χ = −
2m2χ + 4µ
2
χ
4(λ˜χ1 + 2λ˜
χ
2 + 2(λ
χ
1 + λ
χ
2 ))
, (24)
(ii) for ξ = ±π/2
υ2χ =
−2m2χ + 4µ2χ
4(λ˜χ1 − 2λ˜χ2 + 2(λχ1 + λχ2 ))
, (25)
(iii) for cos 2ξ = − µ2χ+v2χλ˜
χ
2
4v2χ(λ
χ
1+λ
χ
2 )
υ2χ =
2m2χ(λ
χ
1 + λ
χ
2 )− λ˜χ2µ2χ
λ˜χ22 − 4(λχ1 + λχ2 )(λ˜χ1 − 2(λχ1 + λχ2 ))
. (26)
In the first case (i) the vacuum configurations do not violate CP, while the second (ii) and
third case (iii) lead not only to the the spontaneous breaking of the CP symmetry but also
to a nontrivial CP violating phase in the one loop diagrams relevant for leptogenesis.
Let us examine which case corresponds to the global minimum of the potential in a wide
region of the parameter space. Imposing the parameter conditions, m2χ < 0, λ˜
χ
1,2 > 0 and
λχ1,2 < 0, into Eqs. (24-26), the vacuum configurations of each case become we obtain for the
case (i)
V0 = −
(m2χ + 2µ
2
χ)
2
4λ˜χ1 + 8(λ˜
χ
2 + λ
χ
1 + λ
χ
2 )
, ξ = 0,±π , (27)
for the case (ii)
V0 = −
(m2χ − 2µ2χ)2
4λ˜χ1 − 8(λ˜χ2 − λχ1 − λχ2 )
, ξ = ±π
2
, (28)
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for the case (iii), we obtain
v2χ = −
1
2
m2χ
λ˜χ1 − 2(λχ1 + λχ2 )
, for ξ = ±π
4
, (29)
leading to
V0 = −
m4χ
4λ˜χ1 − 8(λχ1 + λχ2 )
. (30)
The third case corresponds to the absolute minimum of the potential. It could be also
guaranteed that we are at a minimum by showing the eigenvalues of the neutral Higgs boson
mass matrices and requiring that they are all positive.
Second, the vacuum configuration for Φ and η are obtained by vanishing of the derivative
of V with respect to each component of the scalar fields Φj and η. The vacuum alignment
of the fields Φ and η are determined by
∂V
∂Φ0j
∣∣∣
〈Φ0j 〉=vΦ
= 3vΦ
{
µ2Φ + v
2
Φ
(
3λΦ1 + 4λ
Φ
3
)
+
1
2
v2η(λ
ηΦ
1 + 2λ
ηΦ
2 cos 2ϕ)
}
= 0 , (31)
∂V
∂η0
∣∣∣
〈η0〉=vη
= vη
{
v2ηλ
η + µ2η +
3
2
v2Φ(λ
ηΦ
1 + 2λ
ηΦ
2 cos 2ϕ)
}
= 0 , (32)
where j = 1− 3. At the same time, with the above vacuum alignment of Φ and η fields, the
minimal condition with respect to φi and ϕ are given as
∂V
∂φi
∣∣∣
φ1=φ2=φ3
= 0 ,
∂V
∂ϕ
∣∣∣ = −3v2ηv2ΦληΦ2 sin 2ϕ = 0 , (33)
where, without loss of generality, we have let φi = 0 due to the interaction term [(Φ
†η)(Φ†η)]1
between φi and ϕ. So, we find a nontrivial VEV configuration for Φ and η fields
〈Φ〉 = vΦ√
2
(1, 1, 1) , 〈η〉 = vη√
2
eiϕ . (34)
And, for this vacuum alignments the scalar potential can be written as
VηΦ =
1
4
{
3v4Φ
(
3λΦ1 + 4λ
Φ
3
)
+ 6v2Φµ
2
Φ + v
4
ηλ
η + 2v2ηµ
2
η + 3v
2
Φv
2
η(λ
ηΦ
1 + 2λ
ηΦ
2 cos 2ϕ)
}
. (35)
Then, the real valued solutions are given as
v2Φ = −
µ2Φ +
1
2
v2η(λ
ηΦ
1 ± 2ληΦ2 )
3λΦ1 + 4λ
Φ
3
, v2η = −
µ2η +
3
2
v2Φ(λ
ηΦ
1 ± 2ληΦ2 )
λη
, (36)
where the plus (minus) sign in the bracket corresponds to ϕ = 0,±π (ϕ = ±π/2). Those
vacuum alignments do not violate CP (see later). The VEV alignment of Φ field breaks A4
down to a residual Z3.
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IV. COMPLEX CKM AND PMNS MATRICES FROM A COMMON PHASE
Since CP invariance has been imposed at Lagrangian level, all the parameters in the
Lagrangian [see Eqs. (18), (12) and (13)] are assumed to be real. We spontaneously break
the A4 flavor symmetry by giving nonzero complex vacuum expectation values to some
components of both the A4-triplets χ and Φ and the A4-singlet η, as seen in Eqs. (22)
and (34). The SM VEV vEW = (
√
2GF )
−1/2 = 246 GeV results from the combination
vEW =
√
v2η + 3v
2
Φ. In our scenario, we assume that vχ (seesaw scale) is much larger than
vΦ (electroweak scale):
vχ = λ Λ≫ vΦ ≈ vη , (37)
where λ and Λ indicate the Cabbibo angle and the cutoff scale, respectively.
After the breaking of the flavor and electroweak symmetries, with the VEV alignments as
in Eqs. (22) and (34), the charged lepton, Dirac neutrino, and right-handed neutrino mass
terms from the Lagrangian (12) result in
− Lm = vηe
iϕ
√
2
(yee¯LeR + yµµ¯LµR + yτ τ¯LτR) +
vΦ√
2
{
(yν1 ν¯e + y
ν
2 ν¯µ + y
ν
3 ν¯τ )NR1
+
(
yν1 ν¯e + y
ν
2ω
2ν¯µ + y
ν
3ων¯τ
)
NR2 +
(
yν1 ν¯e + y
ν
2ων¯µ + y
ν
3ω
2ν¯τ
)
NR3
}
+
M
2
(N cR1NR1 +N
c
R2NR2 +N
c
R3NR3) +
yνRvχe
iξ
2
(N cR2NR3 +N
c
R3NR2) + h.c. .(38)
This form shows clearly that the terms in vΦ break the S-flavor parity symmetry, while the
other mass terms preserve it. Inspection of the above mass terms in Eq. (38) indicates that,
with the VEV alignments in Eqs. (22) and (34), the A4 symmetry is spontaneously broken
to a residual Z2 symmetry in the heavy Majorana neutrino sector (conservation of S-flavor
parity in terms not involving vΦ) and a residual Z3 symmetry in the Dirac neutrino sector
(conservation of T -flavor in terms not involving vχ).
In the quark sector from the Lagrangian (13), after the breaking of the flavor and elec-
troweak symmetries, with the VEV alignments as in Eqs. (22) and (34) the up-type quark
and down-type quark mass terms result in
Lqm = Lum + Ldm , (39)
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where
− Lum = yu
vΦ√
2
{u¯LuR + c¯LuR + t¯LuR}+ yc vΦ√
2
{u¯LcR + ωc¯LcR + ω2t¯LcR}
+ yt
vΦ√
2
{u¯LtR + ω2c¯LtR + ωt¯LtR}+ vΦ√
2
vχe
iξ
Λ
{
(ysu + iy
a
u)c¯LuR + (y
s
u − iyau)t¯LuR
+ (ysc + iy
a
c )c¯LcR + (y
s
c − iyac )t¯LcR + (yst + iyat )c¯LtR + (yst − iyat )t¯LtR
}
+ h.c. , (40)
−Ldm = yd
vΦ√
2
{d¯LdR + s¯LdR + b¯LdR}+ ys vΦ√
2
{d¯LsR + ωs¯LsR + ω2b¯LsR}
+ yb
vΦ√
2
{d¯LbR + ω2s¯LbR + ωb¯LbR}+ vΦ√
2
vχe
iξ
Λ
{
(ysd + iy
a
d)s¯LdR + (y
s
d − iyad)b¯LdR
+ (yss + iy
a
s )s¯LsR + (y
s
s − iyas )b¯LsR + (ysb + iyab )s¯LbR + (ysb − iyab )b¯LbR
}
+ h.c. ,(41)
where the parameters ysu(c,t), y
a
u(c,t), y
s
d(s,b) and y
a
d(s,b) are all real and positive. By taking the
equal VEV alignment of 〈χ〉 given in Eq. (22) with the VEV alignment of 〈Φ〉 in Eq. (34),
the A4 symmetry is spontaneously broken and at the same time its subsymmetry Z3 is also
broken through the dimension-5 operators. Including 5-dimensional operators to V (χ), the
corrections to the VEV are shifted and redefined into
〈χ〉 = vχeiξ(1 + δχ, 0, 0)→ vχeiξ(1, 0, 0) , (42)
where the correction δχ is dimensionless.
The nonzero expectation value 〈η〉 = vηeiϕ/
√
2 does not break the A4 symmetry, be-
cause the standard model Higgs is A4-flavorless. The nonzero expectation value 〈Φ〉 =
vΦ(1, 1, 1)/
√
2 breaks the S-flavor parity but leaves the vacuum T -flavor Tf = 0. In other
words, after Φ acquires a nonzero VEV, the T -flavor is still conserved but the S-flavor parity
is not. Since Φ appears only in the Higgs sector and in interactions with the light leptons,
we say that the light neutrino sector has a residual Z3 symmetry expressed by the sub-
group {1, T, T 2} that leads to the conservation of T -flavor in terms involving mixing with
the light neutrinos or interactions with the charged leptons. The nonzero expectation value
〈χ〉 = vχeiξ(1, 0, 0) maintains the S-flavor parity of the vacuum (it is S-flavor-even) but gives
the vacuum the symmetric combination of T -flavors (a0 + a+1 + a−1)/
√
3. That is, after χ
acquires a nonzero VEV, the S-flavor parity is conserved but the T -flavor is not. Since χ
appears only in the Higgs sector and in interactions with the heavy Majorana neutrinos, we
say that the heavy neutrino sector has a residual Z2 symmetry expressed by the subgroup
{1, S} leading to the conservation of S-flavor parity in terms involving mixing or interactions
with the heavy Majorana neutrinos.
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A. Quark sector and CKM matrix
With the help of the VEVs of the A4-triplet Φ which is equally aligned, that is, 〈Φ〉 =
(1, 1, 1)vΦ/
√
2 in Eq. (34), the up-type quark mass matrix Mu can be explicitly expressed
as
Mu = Uω
√
3
2

yu 0 0
0 yc 0
0 0 yt
vΦ − Uω
√
3
2

−2ysu
3
−2ysc
3
−2yst
3
ysu−
√
3yau
3
ysc−
√
3yac
3
yst−
√
3yat
3
ysu+
√
3yau
3
ysc+
√
3yac
3
yst+
√
3yat
3
vΦeiξ vχΛ
= UωV
u
L Diag(mu, mc, mt) V
u†
R , (43)
where UωV
u
L and V
u
R are the diagonalization matrices for Mu, and
Uω =
1√
3

1 1 1
1 ω ω2
1 ω2 ω
 . (44)
And the down-type quark mass matrix Md can be explicitly expressed as
Md = Uω
√
3
2

yd 0 0
0 ys 0
0 0 yb
vΦ − Uω
√
3
2

−2ysd
3
−2yss
3
−2ysb
3
ys
d
−√3ya
d
3
yss−
√
3yas
3
ys
b
−√3ya
b
3
ysd+
√
3yad
3
yss+
√
3yas
3
ysb+
√
3yab
3
vΦeiξ vχΛ
= UωV
d
L Diag(md, ms, mb) V
d†
R , (45)
where UωV
d
L and V
d
R are the diagonalization matrices for Md.
One of the most interesting features observed by experiments on the quarks is that the
mass spectra are strongly hierarchical, i.e., the masses of the third generation quarks are
much heavier than those of the first and second generation quarks. For the elements ofMu(d)
given in Eqs. (43) and (45), taking into account the most natural case that the quark Yukawa
couplings have the strong hierarchy yf3 ≫ yf2 ≫ yf1 (here fi stands for i-th generation of
f -type quark) and the off-diagonal elements generated by the higher dimensional operators
are generally smaller in magnitude than the diagonal ones, we make a plausible assumption
yfi ≫
vχ
Λ
|yf2i| ∼ (or≫)
vχ
Λ
|yf3i| ≫
vχ
Λ
|yf1i| , (46)
where yfji stands for the ji-component of an f -type quark. Then V
f
L and V
f
R can be de-
termined by diagonalizing the matrices MfM†f and M†fMf , respectively, indicated from
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Eqs. (43) and (45). Especially, the mixing matrix V fL becomes one of the matrices compos-
ing the CKM ones and it can be approximated, due to the strong hierarchy expressed in
Eq. (46), as [18]
V fL = U
f
LQf (47)
where a diagonal phase matrix Qf = diag(e
iξf1 , eiξ
f
2 , eiξ
f
3 ), which can be rotated away by the
redefinition of left-handed quark fields, and
UfL ≃

1− 12
∣∣∣Mf12
M
f
22
∣∣∣2 ∣∣∣Mf12
M
f
22
∣∣∣ eiφf3 ∣∣∣Mf13
M
f
33
∣∣∣ eiφf2
−
∣∣∣Mf12
M
f
22
∣∣∣ e−iφf3 1− 12 ∣∣∣Mf12Mf
22
∣∣∣2 ∣∣∣Mf23
M
f
33
∣∣∣ eiφf1
−
∣∣∣Mf13
M
f
33
∣∣∣ e−iφf2 + ∣∣∣Mf12
M
f
22
∣∣∣ ∣∣∣Mf23
M
f
33
∣∣∣ e−i(φf3+φf1 ) − ∣∣∣Mf23
M
f
33
∣∣∣ e−iφf1 − ∣∣∣Mf13
M
f
33
∣∣∣ ∣∣∣Mf12
M
f
22
∣∣∣ ei(φf3−φf2 ) 1
.
There exist several empirical fermion mass ratios in the up- and down-type quark sectors
calculated from the measured values [8] :
md
mb
≃ 1.2× 10−3 , ms
mb
≃ 2.4× 10−2 , mu
mt
≃ 1.4× 10−5 , mc
mt
≃ 7.4× 10−3 , (48)
which shows that the mass spectrum of the up-type quarks exhibits a much stronger hierar-
chical pattern to that of the down-type quarks. In terms of the Cabbibo angle λ ≡ sin θC ≈
|Vus|, the quark masses scale as (md, ms) ≈ (λ4, λ2) mb and (mu, mc) ≈ (λ8, λ4) mt, which
may represent the following fact: the CKM matrix is mainly generated by the mixing matrix
of the down-type quark sector, when the Lagrangian (13) is also taken into account.
1. The up-type quark sector and its mixing matrix
From Eq. (43) we see that the up-type quark mass matrix Mu can be diagonalized in
the mass basis by a biunitary transformation, V u†L MuV uR = Diag(mu, mc, mt). The ma-
trices V uL and V
u
R can be determined by diagonalizing the matrices MuM†u and M†uMu,
respectively. Especially, the left-handed up-type quark mixing matrix V uL becomes one
of the matrices composing the CKM matrix such as VCKM ≡ V u†L V dL (see Eq. (62) be-
low). Due to the measured value of mu/mt in Eq. (48), it is impossible to generate the
Cabbibo angle, λ ≈ |Vus|, from the mixing between the first and second generations in
the up-type quark sector: if one sets |(V uL )12| = |Mu12/Mu22| ≈ λ, then from Eq. (46)
one obtains mu/mt ≈ |Mu12/Mu22| |Mu22/Mu33| ≈ λ5, in discrepancy with the measured
16
mu/mt ≈ λ8 in Eq. (48). To determine the correct up-type quark mixing matrix, using both
Eqs. (46) and (48), we obtain mc/mt ≈ |Mu22/Mu33| ≈ λ4, mu/mc ≈ |Mu11/Mu22| ≈ λ4 and
mu/mt ≈ |Mu11/Mu33| ≈ λ8. The above can be realized in our model through
2ysc
3yc
,
2yst
3yt
,
yst −
√
3yat
3yt
. O(λ3) . (49)
In particular, for a case normalized by the top quark mass :
1≫ y
s
t , y
a
t
yt
∼ O(λ3)≫ yc
yt
∼ O(λ4)≫ y
s
c , y
a
c
yt
∼ O(λ7)≫ yu
yt
∼ O(λ8)≫ y
s
u, y
a
u
yt
, (50)
under the constraint of unitarity, the up-type quark mixing matrix V uL can be approximated
as
V uL ≃

1 λ4eiφ
u
3 λ4eiφ
u
2
−λ4e−iφu3 1 λ4eiφu1
−λ4e−iφu2 −λ4e−iφu1 1
Qu +O(λ5) , (51)
which indicates that the mixing in the up-type quark sector does not affect the leading order
contributions in λ. It leads to the fact that the Cabbibo angle should arise from the mixing
between the first and second generations in the down-type quark sector.
2. The down-type quark sector and its mixing matrix
Now let us consider the down-type quark sector to obtain the realistic CKM matrix. From
Eq. (46) and the measured down-type quark mass hierarchy in Eq. (48), we find ms/mb ≈
|Md22/Md33| ≈ 0.6 λ2, md/mb ≈ |Md11/Md33| ≈ 0.7 λ4 and md/ms ≈ |Md11/Md22| ≈
λ2. From Eqs. (46) and (47), we obtain |(V dL )12| ≈ |Md12/Md22| ≈ 1.7 λ−2|Md12/Md33|, which
means |Md12/Md33| ≈ 0.6 λ3 for |(V dL )12| ≈ λ. In order to get the correct CKM matrix
element |Md13/Md33| ∼ O(λ3), we need to make an additional assumption: from Eq. (46)
the hierarchy normalized by the bottom quark mass can be expressed as
1≫ y
a
b
yb
∼ O(λ)≫ y
s
b
yb
∼ ys
yb
∼ y
a
s , y
s
s
yb
∼ O(λ2)≫ yd
yb
∼ O(λ4)≫ y
a
d , y
s
d
yb
∼ O(λ5) . (52)
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Then, we can obtain the mixing elements in V dL of the down-type quarks, in a good approx-
imation, as ∣∣∣∣Md23Md33
∣∣∣∣ ≃ λ yab√3yb , φd1 ≃ 12 arg
{
−eiξ
(
ysb
yb
−
√
3
yab
yb
)}
,∣∣∣∣Md13Md33
∣∣∣∣ ≃ λ2ysb3yb , φd2 ≃ 12 arg
{
eiξ − λ
3
(
ysb
yb
−
√
3
yab
yb
)}
,∣∣∣∣Md12Md22
∣∣∣∣ ≃ λ2yss3ys , φd3 ≃ 12 arg
{
eiξ − λ
3
(
yss
ys
+
√
3
yas
ys
)}
. (53)
Here, the phase φdi (i = 1, 2, 3) mainly depends on the parameter ξ. Under the constraint
of unitarity, the mixing matrix V dL can be written in terms of Eqs. (52) and (53) as
V dL ≃

1− λ2
2
λeiφ
d
3 A′λ3eiφ
d
2
−λe−iφd3 1− λ2
2
Aλ2eiφ
d
1
−A′λ3e−iφd2 + Aλ3e−i(φd3+φd1) −Aλ2e−iφd1 1
Qd +O(λ4) , (54)
where we have used the following:
yab√
3yb
= Aλ ,
2ysb
3yb
= A′λ2 , 2yss = 3ys . (55)
Later in Eq. (62), we shall see that this form of V dL indeed becomes the realistic CKM matrix.
And the mass squared eigenvalues are written in terms of Eq. (55) as
m2d ≃
v2Φ
2
y2d
{
1 +
4ysd
3yd
λ cos ξ
}
,
m2s ≃
v2Φ
2
y2s
{
1− λ cos ξ
(
1 +
yas
ys
)}
,
m2b ≃
v2Φ
2
y2b
{
1 + λ2 cos ξ(A
√
3− λA′)
}
. (56)
3. CKM mixing matrix
In the weak eigenstate basis, the quark mass terms in Eq. (39) and the charged gauge
interactions can be written as
−LqW = quLMuquR + qdLMdqdR +
g√
2
W+µ q
u
Lγ
µqdL + h.c. . (57)
From Eq. (57), to diagonalize the charged fermion mass matrices such that
V f†L Mf V fR = Diag(mf1 , mf2 , mf3) ≡ mˆf , (58)
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we can rotate the fermion fields from the weak eigenstates to the mass eigenstates:
q
u(d)
L → V u(d)†L qu(d)L , qu(d)R → V u(d)†R qu(d)R . (59)
Then, from the charged current terms in Eq. (57), we obtain the CKM matrix
VCKM = V
u†
L V
d
L . (60)
From Eqs. (51) and (54), with the transformations sL → sL e−iφd3 , bL → bL e−i(φd1+φd3),
cL → cL e−iφd3 and tL → tL e−i(φd1+φd3), if we set
A′e−i(φ
d
1+φ
d
3−φd2) = A(ρ− iη) , (61)
then we obtain the CKM matrix in the Wolfenstein parametrization [19] given by
VCKM = V
u†
L V
d
L ≃ V dL ≃

1− λ2
2
λ Aλ3(ρ− iη)
−λ 1− λ2
2
Aλ2
Aλ3(1− ρ− iη) −Aλ2 1
+O(λ4) . (62)
As reported in Ref. [20] the best-fit values of the parameters λ, A, ρ¯, η¯ with 1σ errors are
λ = sin θC = 0.22543± 0.00077 , A = 0.812+0.013−0.027 ,
ρ¯ = 0.144± 0.025 , η¯ = 0.342+0.016−0.015 , (63)
where ρ¯ = ρ(1− λ2/2) and η¯ = η(1− λ2/2). The effects caused by CP violation are always
proportional to the Jarlskog invariant [21], defined as JquarkCP = Im[VusVcbV
∗
ubV
∗
cs] ≃ A2λ6η
whose value is 2.96+0.18−0.17× 10−5 at 1σ level [20]. In terms of the Wolfenstein parametrization
the mixing parameters A′ and φdi can be interpreted as
A′ = A
√
ρ2 + η2 , δqCP ≡ φd1 + φd3 − φd2 = tan−1
(
η
ρ
)
. (64)
Putting Eq. (55) and the ratio yas/ys = x ∼ O(1) into the phases φdi in Eq. (53), we obtain
φd1 ≃
1
2
arg{ei(ξ+π)(λ− 3A)} ,
φd2 ≃
1
2
arg{eiξ + Aλ2} , φd3 ≃
1
2
arg{eiξ − λ
3
(1 + x
√
3)} . (65)
In our model the CKM Dirac CP phase explicitly depends on the phase ξ associated with
the leptonic Dirac CP phase: for example, taking ξ = 120◦ (110◦) for x = 1 (4) we obtain
δqCP ≃ 67◦ which is in a good agreement with the present data.
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4. The strong CP problem
There is a common problem in models with spontaneous CP violation, which is that a
strong QCD ϑ¯eff term will be generated [7]. The associated strong CP problem is written as
ϑ¯eff = ϑ+ arg {det(Mu) det(Md)} . (66)
The ϑ¯eff is the coefficient of ϑ¯eff F
a
µνF˜
µνa/32π2. The second term in the above equation comes
from a chiral transformation for diagonalization of the quark mass matrices. Experimental
bounds on CP violation in strong interactions are very tight, the strongest one coming from
the limits on the electric dipole moment of the neutron dn < 0.29 × 10−25 e [22] which
implies |ϑ¯eff | < 0.56 × 10−10. ϑ¯eff should be very small to make a theory consistent with
experimental bounds. A huge cancellation between ϑ and arg {det(Mu) det(Md)} suggests
that there should be a physical process.
At tree level the strong CP problem is automatically solved, i.e. ϑ¯treeeff = 0 : the term
ϑ vanishes since the CP symmetry is imposed at the Lagrangian level, and since the ma-
trices Mu(d) are real diagonal [which can be achieved by the rotation of qu(d)L → U †ωqu(d)L
in Eqs. (40), (41) and (57) at the tree level with VCKM = U
†
ωUω = unit matrix], the term
arg {det(Mu) det(Md)} is zero. Including higher dimensional operators, the situation is
changed. If the first contribution of up-type quark to the CKM matrix appears in the order
of λ4, i.e. Eq. (51), its contribution to the ϑ¯eff can be estimated as
ϑ¯eff = arg {det(Mu) det(Md)}
≈ arg
{
det(V uL MˆuV uR ) det(V uL VCKMMˆdV dR)
}
. O(λ5) ≈ 10−4 . (67)
This value is well above the required 10−9 level and we may need some additional dynamical
mechanism to suppress it. However, we can show the vanishing ϑ¯eff is consistent with our
model, although we do not solve the strong CP problem. To see this we can write
arg {det(Mu) det(Md)} = arg
{
1 +
6∑
N=1
(vχ
Λ
)N
eiNξ(...)
}
< 10−9−10 , (68)
where “...” stands for combinations of y
a(s)
u
yu
, y
a(s)
c
yc
,
y
a(s)
t
yt
,
y
a(s)
d
yd
, y
a(s)
s
ys
, and
y
a(s)
b
yb
; one can suppress
the contributions of operators with dimensions higher than 5 2. For example, we can consider
2 Here, we do not consider the suppression of loop effects under renormalizability on the ϑ¯eff parameter.
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a scenario where the entire CKM mixing matrix comes from the down-type quark sector.
This is legitimate because the up-type quark mass hierarchy is much stronger than the
down-type one and as a consequence the up-type quark contribution to the CKM matrix
is small as can be seen from Eq. (51). This corresponds to neglecting the second term in
Eq. (43). Then the contributions of N ≥ 3 in Eq. (68) are automatically zero. With the
choice
ysd
yd
= 3
2
Aλ(1 + 1
2
λ
√
ρ2 + η2) ∼ O(λ) and yad
yd
= 3
√
3
2
Aλ
1− A√
3
λ−λA
6
√
ρ2+η2(1+
√
3λ)
1−A
2
√
3(ρ2+η2)λ2
∼ O(λ),
which obey the scaling rules in Eq. (52), we obtain arg {det(Mu) det(Md)} = 0 irrespective
of the phase ξ.
Including higher dimensional operators to the quark Yukawa Lagrangian, that is,
(Q¯LΦ˜)1(χχ
(∗))1uR , (Q¯LΦ˜)1′(χχ(∗))1cR , ...
(Q¯LΦ)1(χχ
(∗))1dR , (Q¯LΦ)1′(χχ(∗))1sR , ... (69)
the corrections to the mass terms Eqs. (43) and (45) are shifted just in the tree level mass
terms and redefined into
Uω ·Diag(yu + δu, yc + δc, yt + δt)→ Uω · Diag(yu, yc, yt) ,
Uω ·Diag(yd + δd, ys + δs, yb + δb)→ Uω · Diag(yd, ys, yb) , (70)
where the correction δf (f = u, c, t, d, s, b) is dimensionless, and the following operators do
not affect the corrections
(Q¯LΦ˜)3(χχ
(∗))3uR , [(Q¯LΦ˜)3(χχ(∗))3]1′cR , ...
(Q¯LΦ)3(χχ
(∗))3dR , [(Q¯LΦ)3(χχ(∗))3]1′sR , ... (71)
due to the VEV alignment of the χ field in Eq. (22). Thus, the effects of higher dimensional
(d ≥ 6) operators to the strong CP problem may be equivalent to the one of the dimension-5
operators.
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B. Lepton sector and PMNS matrix
The leptonic mass terms in Eq. (38) and the charged gauge interactions in the weak
eigenstate basis can be written in (block) matrix form as
− LℓW = 1
2
N cRMRNR + νLmDNR + ℓLMℓℓR +
g√
2
W−µ ℓLγ
µνL + h.c. (72)
=
1
2
(
νL N
c
R
) 0 mD
mTD MR
 νcL
NR
 + ℓLMℓℓR + g√
2
W−µ ℓLγ
µνL + h.c. (73)
Here ℓ = (e, µ, τ), ν = (νe, νµ, ντ ), NR = (NR1, NR2, NR3), and
Mℓ = vηe
iϕ
√
2

ye 0 0
0 yµ 0
0 0 yτ
 , (74)
mD =
vΦ√
2

yν1 y
ν
1 y
ν
1
yν2 ω
2yν2 ωy
ν
2
yν3 ωy
ν
3 ω
2yν3
 = vΦyν1
√
3
2

1 0 0
0 y2 0
0 0 y3
U †ω ≡ vΦ√2Yν, (75)
MR =

M 0 0
0 M yνRvχe
iξ
0 yνRvχe
iξ M
 , (76)
where y2 = y
ν
2/y
ν
1 , y3 = y
ν
3/y
ν
1 , and Uω is given in Eq. (44).
We start by diagonalizingMR. For this purpose, we perform a basis rotation N̂R = U
†
RNR,
so that the right-handed Majorana mass matrix MR becomes a diagonal matrix M̂R with
real and positive mass eigenvalues M1 = aM , M2 = M and M3 = bM ,
M̂R = U
T
RMRUR =MU
T
R

1 0 0
0 1 κeiξ
0 κeiξ 1
UR =

aM 0 0
0 M 0
0 0 bM
 , (77)
where κ = yνRvχ/M . We find a =
√
1 + κ2 + 2κ cos ξ, b =
√
1 + κ2 − 2κ cos ξ, and a
diagonalizing matrix
UR =
1√
2

0
√
2 0
1 0 −1
1 0 1


ei
ψ1
2 0 0
0 1 0
0 0 ei
ψ2
2
 , (78)
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with phases
ψ1 = tan
−1
( −κ sin ξ
1 + κ cos ξ
)
and ψ2 = tan
−1
( κ sin ξ
1− κ cos ξ
)
. (79)
Interestingly, the mixing matrix of heavy neutrino UR in Eq. (78) reflects an exact TBM.
As the magnitude of κ defined in Eq. (77) decreases, the phases ψ1,2 go to 0 or π. And the
Dirac neutrino mass term gets modified to mD → m˜D = mDUR :
m˜D = vΦy
ν
1
√
3
2

1 0 0
0 y2 0
0 0 y3


√
2
3
1√
3
0
− 1√
6
1√
3
− 1√
2
− 1√
6
1√
3
− 1√
2


ei
ψ1
2 0 0
0 1 0
0 0 ei
pi+ψ2
2
 ≡ vΦ√2 Y˜ν . (80)
At this point,
−LmW = 1
2
(
νL N̂ cR
) 0 m˜D
m˜TD M̂R
 νcL
N̂R
+ ℓLMℓℓR + g√
2
W−µ ℓLγ
µνL + h.c. (81)
Now we take the limit of large M (seesaw mechanism) and focus on the mass matrix of
the light neutrinos Mν ,
−LmW = 1
2
νLMννcL + ℓLMℓℓR +
g√
2
W−µ ℓLγ
µνL + h.c. + terms in NR (82)
with
Mν = −m˜D M̂−1R m˜TD. (83)
We perform basis rotations from weak to mass eigenstates in the leptonic sector,
ℓ̂L = P
∗
ℓ ℓL , ℓ̂R = P
∗
ℓ ℓR , ν̂L = U
†
νP
∗
ν νL , (84)
where Pℓ and Pν are phase matrices and Uν is a unitary matrix chosen so as the matrix
M̂ν = U †νP ∗νMνP ∗νU∗ν = −U †νP ∗νmDURM̂−1R (U †νP ∗νmDUR)T (85)
is diagonal. Then from the charged current term in Eq. (81) we obtain the lepton mixing
matrix UPMNS as
UPMNS = P
∗
ℓ PνUν . (86)
It is important to notice that the phase matrix Pν can be rotated away by choosing the matrix
Pℓ = Pν , i.e. by an appropriate redefinition of the left-handed charged lepton fields, which is
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always possible. This is an important point because the phase matrix Pν accompanies the
Dirac-neutrino mass matrix m˜D and ultimately the neutrino Yukawa matrix Yν in Eq. (75).
This means that complex phases in Yν can always be rotated away by appropriately choosing
the phases of left-handed charged lepton fields. The matrix UPMNS can be written in terms
of three mixing angles and three CP -odd phases (one for the Dirac neutrinos and two for
the Majorana neutrinos) as [8]
UPMNS =

c13c12 c13s12 s13e
−iδCP
−c23s12 − s23c12s13eiδCP c23c12 − s23s12s13eiδCP s23c13
s23s12 − c23c12s13eiδCP −s23c12 − c23s12s13eiδCP c23c13
Qν , (87)
where Qν = Diag(e
−iϕ1/2, e−iϕ2/2, 1), sij ≡ sin θij and cij ≡ cos θij .
After seesawing, in a basis where charged lepton and heavy neutrino masses are real and
diagonal, the light neutrino mass matrix is given by
Mν = −m˜DM̂−1R m˜TD = −
v2Φ
2
YνURM̂
−1
R U
T
RY
T
ν
= eiπm0

1 + 2e
iψ1
a
(1− eiψ1
a
)y2 (1− eiψ1a )y3
(1− eiψ1
a
)y2 (1 +
eiψ1
2a
− 3eiψ2
2b
)y22 (1 +
eiψ1
2a
+ 3e
iψ2
2b
)y2y3
(1− eiψ1
a
)y3 (1 +
eiψ1
2a
+ 3e
iψ2
2b
)y2y3 (1 +
eiψ1
2a
− 3eiψ2
2b
)y23
 , (88)
where we have defined an overall scale m0 = v
2
Φy
ν2
1 /(2M) for the light neutrino masses. The
mass matrix Mν is diagonalized by the PMNS mixing matrix UPMNS as described above,
Mν = UPMNS Diag(m1, m2, m3) UTPMNS. (89)
Here mi (i = 1, 2, 3) are the light neutrino masses. As is well known, because of the
observed hierarchy |∆m2Atm| ≡ |m23 − m21| ≫ ∆m2Sol ≡ m22 − m21 > 0, and the requirement
of a Mikheyev-Smirnov-Wolfenstein resonance for solar neutrinos, there are two possible
neutrino mass spectra: (i) the normal mass hierarchy (NMH) m1 < m2 < m3, and (ii) the
inverted mass hierarchy (IMH) m3 < m1 < m2.
In the limit yν2 = y
ν
3 (y2 → y3), the mass matrix in Eq. (88) acquires a µ–τ symmetry [23]
that leads to θ13 = 0 and θ23 = −π/4. Moreover, in the limit yν1 = yν2 = yν3 (y2, y3 → 1), the
mass matrix (88) gives the TBM angles and their corresponding mass eigenvalues
θ13 = 0, θ23 =
π
4
= 45◦ , θ12 = sin
−1
(
1√
3
)
≃ 35.3◦ ,
m1 =
3m0
a
, m2 = 3m0 , m3 =
3m0
b
. (90)
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These mass eigenvalues are disconnected from the mixing angles. However, recent neutrino
data, i.e. θ13 6= 0, require deviations of y2,3 from unity, leading to a possibility to search
for CP violation in neutrino oscillation experiments. Eq. (88) directly indicates that there
could be deviations from the exact TBM if the Dirac neutrino Yukawa couplings do not have
the same magnitude. These deviations generate relations between mixing angles and mass
eigenvalues.
To diagonalize the above mass matrix Eq. (88), we consider the hermitian matrix
MνM†ν = Uν Diag(m21, m22, m23) U †ν , from which we obtain the masses and mixing angles:
MνM†ν = m40

A y2B y3C
y2B
∗ y22F y2y3|G|eiφν1
y3C
∗ y2y3|G|e−iφν1 y23K
 = Uν Diag(m21, m22, m23) U †ν , (91)
where the parameters A,B,C, F,G and K are given in Eq. (B1). The mixing matrix Uν in
Eq. (91) associated with diagonalization giving definite masses can be written as
Uν = e
iΨν

c2c3 c2s3e
iφν3 s2e
iφν2
−c1s3e−iφν3 − s1s2c3ei(φν1−φν2) c1c3 − s1s2s3ei(φν1−φν2+φν3) s1c2eiφν1
s1s3e
−i(φν1+φν3) − c1s2c3e−iφν2 −s1c3e−iφν1 − c1s2s3ei(φν3−φν2) c1c2
Q′ν (92)
where ci ≡ cos θi, si ≡ sin θi and a diagonal phase matrix Q′ν = diag(1, eiζ1, eiζ2). Now, the
straightforward calculation with the general parametrization of Uν in Eq. (92) leads to the
expressions for the masses and mixing angles [24]:
tan θ1 =
y3
y2
Im[C] sinφν2 − Re[C] cosφν2
Im[B] cos(φν1 − φν2) + Re[B] sin(φν1 − φν2)
, φν1 = arg(G) ,
tan 2θ2 = 2
|c1y3C + eiφν1s1y2B|
λ3 − A , φ
ν
2 = arg
(
c1y3C + e
iφν1s1y2B
)
,
tan 2θ3 = 2
|Z|
λ2 − λ1 , φ
ν
3 = arg(Z) , (93)
where
λ1 = Ac
2
2 − |c1y3C + eiφ
ν
1s1y2B| sin 2θ2 + λ3s22 ,
λ2 = y
2
2Fc
2
1 − y2y3|G˜| sin 2θ1 + y23Ks21 , λ3 = y23Kc21 + y2y3|G˜| sin 2θ1 + y22Fs21 ,
Z = c2(c1y2B − e−iφν1s1y3C) + s2ei(φν2−φν1)
(
sin 2θ1
y23K − y22F
2
− y2y3|G| cos 2θ1
)
.(94)
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And the squared-mass eigenvalues are given by
m21 = m
2
0
λ1c
2
3 − λ2s23
cos 2θ3
, m22 = m
2
0
λ2c
2
3 − λ1s23
cos 2θ3
,
m23 = m
2
0
(
λ3 + |c1y3C + eiφν1s1y2B| tan θ2
)
. (95)
Without loss of generality, we let θ1 ≡ θ23, θ2 ≡ θ13 and θ3 ≡ θ12. In the limit of y2, y3 → 1,
the parameters relevant for mixing angles behave as A, λ1 → 3
(
1 + 2
a2
)
, λ2 → 6
(
1 + 1
2a2
)
,
B,C → 3 (1− 1
a2
)
, Z → 6√
2
(
1− 1
a2
)
, and which in turn imply θ23 → −π/4, φν1,2,3 → 0,
θ13 → 0 and tan 2θ12 → 2
√
2. So, the lifts of y2, y3 from unit or inequality between them
can trigger deviations from the TBM.
Leptonic CP violation can be detected through the neutrino oscillations which are sensi-
tive to the Dirac CP phase δCP , but insensitive to the Majorana phases in UPMNS [25]. To
see how the parameters are correlated with low-energy CP violation observables measurable
through neutrino oscillations, we consider the leptonic CP violation parameter defined by
the Jarlskog invariant [21] in the standard parametrization Eq. (87):
JCP ≡ −Im[U∗e1Ue3Uτ1U∗τ3] =
1
8
sin 2θ12 sin 2θ13 sin 2θ23 cos θ13 sin δCP , (96)
where Uαj is an element of the PMNS matrix in Eq. (87), with α = e, µ, τ corresponding to
the lepton flavors and j = 1, 2, 3 corresponding to the light neutrino mass eigenstates. At
the same time, in the parametrization given in Eq. (92) we obtain
JCP =
1
8
sin 2θ1 sin 2θ2 sin 2θ3 cos θ2 sin(φ
ν
1 − φν2 + φν3) . (97)
From Eqs. (96) and (97) we obtain the Dirac CP phase defined in Eq. (87) as
δCP = φ
ν
1 − φν2 + φν3 . (98)
The phase φνi (i = 1, 2, 3) or δCP is constrained by the neutrino mass matrix Eq. (88), which
is originated from the phase ξ. The Jarlskog invariant JCP can be expressed in terms of the
elements of the matrix h =MνM†ν [25]:
JCP = − Im{h12h23h31}
∆m221∆m
2
31∆m
2
32
, (99)
where the numerator is expressed as
Im{h12h23h31} = m60
27y22y
2
3(y
2
2 − y23)
2
(
sin(ψ1 − ψ2){....}+ sin(2ψ1 − ψ2){.....}
+ sinψ2{....}+ sin(ψ1 + ψ2){....}
)
, (100)
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in which {.....} stands for a complicated lengthy function of y2, y3, a and b. Clearly, Eq. (100)
indicates that JCP depends on the phase ξ (or ψ1,2) and, in the limit of y2 → y3, the leptonic
CP violation JCP goes to zero.
Concerning CP violation, we notice that the CP phase ξ coming from MR take part in
low-energy CP violation in terms of ψ1, ψ2, as can be seen in Eqs. (77-88). Any CP-violation
relevant for leptogenesis is associated with the neutrino Yukawa matrix Y˜ν = YνUR and the
combination of Dirac neutrino Yukawa matrices, H ≡ Y˜ †ν Y˜ν = U †RY †ν YνUR, which is
H = |yν1 |2

4+y22+y
2
3
2
e−i
ψ1
2√
2
(2− y22 − y23) − i
√
3ei
ψ21
2
2
(y22 − y23)
ei
ψ1
2√
2
(2− y22 − y23) 1 + y22 + y23 i
√
3
2
ei
ψ2
2 (y22 − y23)
i
√
3e−i
ψ21
2
2
(y22 − y23) −i
√
3
2
e−i
ψ2
2 (y22 − y23) 32(y22 + y23)
 , (101)
where ψij ≡ ψi − ψj . As expected, in the limit yν1 = yν2 = yν3 , i.e. y2,3 → 1, the off-diagonal
entries ofH vanish, and there is no CP violation useful for leptogenesis. If the Dirac neutrino
Yukawa couplings yν1 , y
ν
2 , and y
ν
3 differ in magnitude, they can play a role in baryogenesis via
leptogenesis and nonzero θ13 ≃ 9◦ with two large mixing angles (θ23, θ12). Therefore, a low
energy CP violation in neutrino oscillation and/or a high energy CP violation in leptogenesis
can be generated by the non-degeneracy of the Dirac neutrino Yukawa couplings and a
nonzero phase ξ coming from MR.
In summary, the phase ξ originated from the heavy gauge singlet χ field is responsible for
leptogenesis, a CP phase in neutrino oscillation, δCP , and the Dirac CP phase in the CKM
mixing matrix, δqCP .
V. NUMERICAL STUDY
Now we perform a numerical analysis using the linear algebra tools in Ref. [26]. The
Daya Bay and RENO experiments have accomplished the measurement of three mixing
angles θ12, θ23, and θ13 from three kinds of neutrino oscillation experiments. The global fit of
the neutrino mixing angles and of the mass-squared differences at the 1σ (3σ) level is given
by [27]
θ13 = 8.66
◦+0.44◦ (+1.30◦)
−0.46◦ (−1.47◦), δCP = 300
◦+66◦ (+60◦)
−138◦ (−300◦), θ12 = 33.36
◦+0.81◦ (+2.53◦)
−0.78◦ (−1.27◦),
θ23 = 40.0
◦+2.1◦
−1.5◦ ⊕ 50.4◦+1.3
◦
−1.3◦ 1σ, (35.8
◦
∼ 54.8◦ 3σ) ,
27
∆m2Sol[10
−5eV2] = 7.50+0.18 (+0.59)−0.19 (−0.50), ∆m
2
Atm[10
−3eV2] =
 2.473
+0.070 (+0.222)
−0.067 (−0.197), NMH
2.427
+0.042 (+0.185)
−0.065 (−0.222), IMH
,(102)
where ∆m2Sol ≡ m22 − m21, ∆m2Atm ≡ m23 − m21 for the normal mass hierarchy (NMH), and
∆m2Atm ≡ |m23 −m22| for the inverted mass hierarchy (IMH). The matrices mD and MˆR in
Eq. (88) contain seven parameters : yν1 ,M, vΦ, y2, y3, κ, ξ. The first three (y
ν
1 , M, and vΦ)
lead to the overall neutrino scale parameter m0. The next four (y2, y3, κ, ξ) give rise to the
deviations from TBM as well as the CP phases and corrections to the mass eigenvalues (see
Eq. (90)).
In our numerical examples, we takeM = 1011 GeV and vη = vΦ = 123 GeV, for simplicity,
as inputs 3. Since the neutrino masses are sensitive to the combination m0 = v
2
Φ|yν1 |2/(2M),
other choices of M and vΦ give identical results. Then the parameters m0, y2, y3, κ, ξ can
be determined from the experimental results of three mixing angles, θ12, θ13, θ23, and the
two mass squared differences, ∆m2Sol,∆m
2
Atm. In addition, the CP phases δCP , ϕ1,2 can be
predicted after determining the model parameters.
Using the formulas for the neutrino mixing angles and masses and our values ofM, vη, vΦ,
we obtain the following allowed regions of the unknown model parameters: for the normal
mass hierarchy (NMH) 4,
0.17 . κ . 0.80, 1.0 . y2 . 1.3, 1.0 . y3 < 1.3,
99◦ . ξ . 117◦, 243◦ . ξ . 263◦, 1.3 . m0 × 10−2[eV] . 4.3; (103)
for the inverted mass hierarchy (IMH),
0.3 . κ . 1.9, 0.70 . y2 . 1.30, 0.74 . y3 . 1.31,
96◦ . ξ . 160◦, 212◦ . ξ . 265◦, 1.6 . m0 × 10−2[eV] . 4.0. (104)
Note that here we have used the 3σ experimental bounds on θ12, θ23,∆m
2
Sol,∆m
2
Atm in
Eq. (102), except for θ13 < 11
◦ for which we use the values in Eqs. (103,104).
For these parameter regions, we investigate how a nonzero θ13 can be determined for
the normal and inverted mass hierarchy. In Figs. 1-5, the data points represented by blue-
3 If one takes a seesaw scale M = 1011 GeV, then the cutoff scale would be around 1012 GeV due to the
relation vχ/Λ = λ in Eqs. (37), (54) and (62).
4 When y2 = y3 and around there, there exist other parameter spaces giving very small values of θ13. So,
we have neglected them in our numerical result for normal mass hierarchy.
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FIG. 1: The reactor mixing angle θ13 versus the phase ξ of the parameter combination y
ν
Rvχ/M .
The horizontal dotted (solid) lines in both plots indicate the upper and lower bounds at the 3σ level
(the best-fit value) on θ13 given in Eq. (102). The red-type crosses and blue-type dots represent
the results for the normal and inverted mass hierarchy, respectively; the data points of red-crosses
and blue-dots corresponding to 95◦ . ξ . 145◦ within 3σ experimental bounds of θ13 can explain
the CKM CP phase.
type dots and red-type crosses indicate results for the inverted and normal mass hierarchy,
respectively. Fig. 1 shows the reactor mixing angle θ13 as a function of the phase ξ. As can
be seen in Fig. 1, the data points in ranges of 100◦ . ξ . 115◦ (NMH) and 95◦ . ξ . 145◦
(IMH) within 3σ experimental bounds of θ13 can explain the CKM CP phase as explained
in Eqs. (57)-(65). The left-hand-side plot in Fig. 2 shows how the mixing angle θ13 depends
on the ratio y2/y3 = y
ν
2/y
ν
3 of the second- and third-generation neutrino Yukawa couplings;
the right-hand-side plot shows how θ13 depends on the parameter κ = y
ν
Rvχ/M . We see
that the measured value of θ13 from the Daya Bay and RENO experiments can be achieved
at 3σ’s for 0.93 . y2/y3 . 0.98 and 1.03 . y2/y3 . 1.08 (NMH), 0.6 . y2/y3 . 0.82 and
1.2 . y2/y3 . 1.4 (IMH), 0.17 . κ . 0.75 (NMH) and 0.3 < κ . 1.1 and 1.4 . κ . 1.6
(IMH).
The behavior of JCP defined in Eqs. (96)-(100) as a function of θ13 is plotted on the
left plot of Fig. 3. We see that the value of |JCP | lies in the range 0 − 0.038 (NMH) and
0.014− 0.034 (IMH) for the measured value of θ13 at 3σ’s. When y2 6= 1, i.e. for the normal
hierarchy case, JCP could go to zero as sinψ2 of Eq. (100). In the case of the inverted
hierarchy, JCP has nonzero values for the measured range of θ13 while JCP goes to zero for
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FIG. 2: The reactor mixing angle θ13 versus the ratio of second-to-third generation neutrino Yukawa
couplings yν2/y
ν
3 (left plot) and the parameter κ = y
ν
Rvχ/M (right plot). The red-type crosses and
blue-type dots represent the results for the normal and the inverted mass hierarchy, respectively.
The horizontal dotted (solid) lines in both plots indicate the upper and lower bounds at the 3σ
level (the best-fit value) on θ13 given in Eq. (102).
θ13 → 0, which corresponds to y2 → 1. Interestingly enough, the right plot of Fig. 3 shows
that the data points satisfying the CKM CP phase favor the values around 60◦, 110◦ and
230◦ for the inverted mass hierarchy, and around 30◦ and 200◦ for normal mass one.
Fig. 4 shows how the values of θ13 depend on the mixing angles θ23 and θ12. As can be
seen in the left plot of Fig. 4, the behavior of θ23 in terms of the measured values of θ13 at
3σ’s for the normal hierarchy is different than for the inverted hierarchy. For the normal
hierarchy we see that the measured values of θ13 can be achieved for 43.5
◦ . θ23 . 44.5◦
and 45.5◦ . θ23 . 47.0◦ with small deviations from maximality, which are disfavored at 1σ
by the experimental bounds as can be seen in Eq. (102), while for the inverted hierarchy
50◦ . θ23 . 54.8◦ and 35.8◦ . θ23 . 39◦, which are favored at 1σ by the experimental
bounds in Eq. (102). From the right plot of Fig. 4, we see that the predictions for θ13 do
not strongly depend on θ12 in the allowed region. So, future precise measurements of θ23,
whether |θ23−45◦| → 0 or |θ23−45◦| → 5◦, will provide more information on whether normal
mass hierarchy or inverted one. Moreover, we can straightforwardly obtain the effective
neutrino mass |mee| that characterizes the amplitude for neutrinoless double beta decay :
|mee| ≡
∣∣∣∣∣∑
i
(UPMNS)
2
eimi
∣∣∣∣∣ , (105)
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FIG. 3: The Jarlskog invariant JCP versus the reactor angle θ13 (left plot), and the Dirac CP phase
δCP versus θ13 satisfying the measured CKM phase (right plot). The vertical dotted (solid) lines
in both plots indicate the upper and lower bounds at the 3σ level (the best-fit value) on θ13 given
in Eq. (102).
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FIG. 4: The behaviors of θ23 and θ12 in terms of θ13. The dotted vertical lines represent the
experimental bounds of Eq. (102) at 3σ’s. The horizontal and vertical solid lines indicate the 1σ
experimental best-fit values in Eq. (102).
where UPMNS is given in Eq. (87). The left and right plots in Fig. 5 show the behavior of the
effective neutrino mass |mee| in terms of θ13 and the lightest neutrino mass, respectively. In
the left plot of Fig. 5, for the measured values of θ13 at 3σ’s, the effective neutrino mass |mee|
can be in the range 0.045 . |mee|[eV] . 0.14 (NMH) or 0.035 . |mee|[eV] . 0.1 (IMH). The
right plot of Fig. 5 shows |mee| as a function of mlightest, where mlightest = m1 for the normal
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FIG. 5: Plots of |mee| as a function of θ13 and mlightest. The vertical dotted (solid) lines show the
experimental bounds of Eq. (102) at 3σ’s (the best-fit value).
mass hierarchy and mlightest = m3 for the inverted mass hierarchy. Our model predicts that
the effective mass |mee| is within the sensitivity of planned neutrinoless double-beta decay
experiments.
VI. LEPTOGENESIS AND ITS LINK WITH LOW ENERGY OBSERVABLES
In addition to the explanation of the smallness of neutrino masses through seesaw mecha-
nism by singlet heavy Majorana neutrinos, in this model, the baryogenesis through so-called
leptogenesis [3, 4] can be realized from the decay of the singlet heavy Majorana neutrinos.
In early Universe, the decay of the right-handed heavy Majorana neutrino into a lepton and
scalar boson is able to generate a nonzero lepton asymmetry, which in turn gets recycled into
a baryon asymmetry through non-perturbative sphaleron processes. We are in the energy
scale where A4 symmetry is broken but the SM gauge group remains unbroken. So, both
the charged and neutral scalars are physical.
The CP asymmetry generated through the interference between tree and one-loop dia-
grams for the decay of the heavy Majorana neutrino Ni into Φ and Lα = (ν, ℓα) is given, for
each lepton flavor α (= e, µ, τ), by [28]
εαi =
1
8π(Y˜ †ν Y˜ν)ii
∑
j 6=i
Im
{
(Y˜ †ν Y˜ν)ij(Y˜ν)
∗
αi(Y˜ν)αj
}
g
(M2j
M2i
)
,
where the function g(x) is given by g(x) =
√
x
[
1
1−x + 1 − (1 + x)ln 1+xx
]
. Here i, j denote
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generation index. Another important ingredient which should be carefully treated for suc-
cessful leptogenesis is the wash-out factor Kαi arising mainly due to the inverse decay of the
Majorana neutrino Ni into the lepton flavor Lα [29]. The explicit form of K
α
i is given by
Kαi =
Γ(Ni → ΦLα)
H(Mi)
=
m∗
Mi
(Y˜ ∗ν )αi(Y˜ν)αi , (106)
where Γ(Ni → ΦLα) is the partial decay rate of the process Ni → Lα + Φ, and H(Mi) =
(4π3g∗/45)
1
2M2i /MPl with the Planck mass MPl = 1.22× 1019 GeV is the Hubble parameter
at temperature T ≃ Mi and m∗ =
(
45
28π5g∗
) 1
2MPl ≃ 2.83 × 1016 GeV with the effective
number of degrees of freedom given by g∗ ≃ g∗SM = 106.75. The factor Kαi depends on both
heavy right-handed neutrino massMi and neutrino Yukawa coupling, and the produced CP-
asymmetries are strongly washed out for a rather large neutrino Yukawa coupling. In order
for this enormously huge wash-out factor to be tolerated, we can consider a high leptogenesis
scale. Since the seesaw relation |yν1 |2 = 2m0M/v2Φ as defined in Eq. (88), the value of yν1
depends on the magnitude of M once m0 is determined. And since the neutrino Yukawa
couplings among them are mild hierarchical, the lepton asymmetry and the wash-out factor
are roughly given as εαi ∼ 10−2|yν1 |2 and Kαi ∼ m∗|yν1 |2/M , respectively. Then, we get a
rough estimation of BAU whose magnitude should be order of 10−10 from the product of εαi
and 1/Kαi , and can naively estimate the scale of M by appropriately taking the magnitude
of yν1 ; for example, from 10
−10 ∼ 10−4 M
1016GeV
one gets M ∼ 1010 GeV for |yν1 | = 0.005 and
vΦ = 123 GeV. From our numerical analysis, we have found that it is impossible to reproduce
the observed baryon asymmetry forMi . 10
9 GeV. Therefore, it is necessary Mi & 10
9 GeV
for a successful leptogenesis, so that only the tau Yukawa interactions are supposed to be in
thermal equilibrium.
We take Λ = 1012 GeV as a cutoff scale and M = 1011 GeV as a leptogenesis scale,
respectively. Now, combining with Eqs. (75), (101) and (106), we get expressions for two
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flavored lepton asymmetries given by
εeµ1 =
|yν1 |2
8aπ
{
(y22 − 2)(2− y22 − y23)(1 + κ cos ξ)
4 + y22 + y
2
3
g(x12) +
3y22(y
2
2 − y23)
4 + y22 + y
2
3
κ sin ξ
b
g(x13)
}
,
ετ1 =
|yν1 |2
8aπ
{
y23(2− y22 − y23)(1 + κ cos ξ)
4 + y22 + y
2
3
g(x12)− 3y
2
3(y
2
2 − y23)
4 + y22 + y
2
3
κ sin ξ
b
g(x13)
}
,
εeµ2 =
|yν1 |2
16π
{
(2− y22 − y23)(2− y22)
1 + y22 + y
2
3
1 + κ cos ξ
a
g(x21)− 3y
2
2(y
2
2 − y23)
1 + y22 + y
2
3
1− κ sin ξ
b
g(x23)
}
,
ετ2 =
|yν1 |2
16π
{
−y
2
3(2− y22 − y23)
1 + y22 + y
2
3)
1 + κ cos ξ
a
g(x21) +
3y23(y
2
2 − y23)
1 + y22 + y
2
3
1− κ sin ξ
b
g(x23)
}
,
εeµ3 = −
y22
y23
ετ3 =
|yν1 |2y22(y22 − y23)
8bπ(y22 + y
2
3)
{
− κ sin ξ
a
g(x31) + (1− κ sin ξ) g(x32)
}
, (107)
where the functions g(xij) with (i 6= j) are expressed in Eq. (C1). As anticipated, in the
limit of y2,3 → 1 [TBM limit in Eq. (90)], the CP-asymmetries are going to vanish. Each
CP asymmetry given in Eq. (107) is weighted differently by the corresponding wash-out
parameter given by Eq. (106), and thus expressed with a different weight in the final form
of the baryon asymmetry [29]:
ηB ≃ −2 × 10−2
∑
Ni
[
εeµi κ˜
(417
589
Keµi
)
+ ετi κ˜
(390
589
Kτi
)]
, (108)
where εeµi = ε
e
i + ε
µ
i , K
eµ
i = K
e
i +K
µ
i and the wash-out factor
κ˜ ≃
(8.25
Kαi
+
(Kαi
0.2
)1.16)−1
. (109)
Here we have shown an expression for two flavored leptogenesis. We note that ψ1,2 and g(xij)
in Eq. (107) are the functions of the parameters ξ and κ. While the values of parameters
y2,3, κ and ξ can be determined from the analysis as demonstrated in Secs. IV and V, y
ν
1
depends on the magnitude of M through the relations defined in Eqs. (106) and (108).
The plots for ηB as a function of θ13 (left plot) and for δCP as a function of ηB (right
plot) are shown, respectively, in Fig. 6. The red-type crosses correspond to the normal
mass hierarchy and blue-type dots to the inverted one: the data points of the red crosses
and blue dots stand for the ranges 99◦ . ξ . 117◦ (NMH) and 96◦ . ξ . 160◦ (IMH),
respectively. The dotted horizontal lines in the left plot and the vertical dotted lines in
the right plot correspond to experimentally allowed regions 2 × 10−10 ≤ ηB ≤ 2 × 10−9,
and in the left plot the vertical solid and dotted lines correspond to the best-fit value and
3σ bounds on neutrino data given in Eq. (102). For NMH, the red crosses corresponding
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FIG. 6: Plots for the ηB versus the mixing angle θ13 (left plot) and predictions for the Dirac CP
phase δCP versus ηB (right plot). Red-type crosses and blue-type dots data points correspond
to 99◦ . ξ . 117◦ (NMH) and 96◦ . ξ . 160◦ (IMH), respectively, which can satisfy the CKM
Dirac CP phase δqCP . The solid horizontal (left plot) and vertical (right plot) lines correspond to
phenomenologically allowed regions 2× 10−10 ≤ ηB ≤ 2× 10−9, and the vertical dotted and solid
lines (left plot) correspond to the 3σ bounds and best-fit value given in Eq. (102).
to 100◦ . ξ . 110◦ satisfy 3σ experimental bounds of θ13, which in turn favor the Dirac
CP phase ranged 30◦ . δCP . 65◦ and 220◦ . δCP . 260◦ (see the right plot in Fig. 6).
On the contrary to NMH, for IMH the blue points indicate the Dirac CP phase ranged
30◦ . δCP . 65◦, 100◦ . δCP . 110◦, 230◦ . δCP . 250◦, and 280◦ . δCP . 290◦.
VII. CONCLUSION
Our model is based on a SU(2)L × U(1)Y × A4 × CP × Z2 Lagrangian for quarks and
leptons in a seesaw framework. In a economical and theoretical way, in order to understand
the present data for quarks and leptons, especially, the CKM mixing angles (θq23, θ
q
13, θ
q
12 with
the CKM CP-phase δqCP ) and the nonzero θ13 and TBM angles (θ12, θ23) of the neutrino
oscillation data and baryogenesis via leptogenesis, as well as to predict a CP violation of the
lepton sector, we have proposed a simple discrete symmetry model for the SCPV based on
an A4 flavor symmetry for quarks and leptons. In our model CP is spontaneously broken
at high energies, after breaking of flavor symmetry, by a complex vacuum expectation value
of A4-triplet and gauge singlet scalar field χ. And, certain effective dimension-5 operators
35
driven by the χ field are introduced in the Lagrangian as an equal footing, which lead
the quark mixing matrix to the CKM one in the form. Meanwhile, the lepton Lagrangian
(which is renormalizable), with minimal Yukawa couplings, gives rise to a non-degenerate
Dirac neutrino Yukawa matrix and a unique CP-phase “ξ” that is generated dynamically,
which explains the nonzero value of θ13 ≃ 9◦ and two large mixing angles of atmospheric
and solar neutrinos. We show that the spontaneously generated CP phase could become a
natural source of leptogenesis as well as CP violations in the CKM and PMNS. We have
shown that the spontaneously generated CP phase “ξ” could become a natural source of
leptogenesis, and simultaneously provide CP violations at low energies in the quark and
lepton sectors, as a unique source.
Interestingly enough, we have shown that, for around ξ ≃ 110◦ (140◦), the quarks lead
to the correct CKM CP-phase corresponding to δqCP ≃ 70◦, while the leptons with the
measured value of θ13 favor δCP ∼ 30◦, 200◦ and |θ23 − 45◦| → 0 for normal mass hierarchy
and δCP ∼ 60◦, 110◦, 230◦, and |θ23 − 45◦| → 5◦ for an inverted one. As a numerical study
in the lepton sector, we have shown low-energy phenomenologies and leptogenesis for the
normal and inverted cases, respectively, and a link between them.
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Appendix A: Higgs potential for V (ηχ) and V (Φχ).
In Eq. (6) the Higgs potentials for V (ηχ) and V (Φχ) are written as
V (ηχ) = ληχ1
{
(η†η)(χχ)1 + h.c.
}
+ ληχ2 (η
†η)(χ∗χ)1 , (A1)
V (Φχ) = λΦχ1 (Φ
†Φ)1 {(χχ)1 + h.c.}+ λΦχ11 (Φ†Φ)1(χχ∗)1 +
{
λΦχ2 (Φ
†Φ)1′(χχ)1′′
+ λΦχ21 (Φ
†Φ)1′(χχ∗)1′′ + λ
Φχ
3 (Φ
†Φ)1′′(χχ)1′ + λ
Φχ
31 (Φ
†Φ)1′′(χχ∗)1′
+ λΦχ4 (Φ
†Φ)3s(χχ)3s + λ
Φχ
41 (Φ
†Φ)3s(χχ
∗)3s + λ
Φχ
5 (Φ
†Φ)3a(χχ)3s + h.c.
}
+ λΦχ51 (Φ
†Φ)3a(χχ
∗)3a +
{
ξΦχ1 (Φ
†Φ)3sχ+ ξ
Φχ
2 (Φ
†Φ)3aχ+ h.c.
}
. (A2)
Here ξΦχ1,2 have mass dimension-1, while λ
ηχ
1,2, λ
Φχ
1,...,5 and λ
Φχ
11,21,31,41,51 are dimensionless.
Appendix B: Parametrization of the neutrino mass matrix
A = P +Q+
2(2− y22 − y23) cosψ1
a
,
B = P −Q + 2− y
2
2 − y23
2a
(cosψ1 + 3i sinψ2)− 3e
−iψ2(y22 − y23)
2b
(
1− e
iψ1
a
)
C = P −Q + 2− y
2
2 − y23
2a
(cosψ1 + 3i sinψ2) +
3e−iψ2(y22 − y23)
2b
(
1− e
iψ1
a
)
F = P +
Q
2
+R− 2− y
2
2 − y23
a
cosψ − 3(y
2
2 − y23)
b
(
cosψ2 +
cos(ψ1 − ψ2)
2a
)
K = P +
Q
2
+R− 2− y
2
2 − y23
a
cosψ +
3(y22 − y23)
b
(
cosψ2 +
cos(ψ1 − ψ2)
2a
)
G = P +
Q
2
− R− 2− y
2
2 − y23
a
cosψ − 3i(y
2
2 − y23)
b
(
sinψ2 − sin(ψ1 − ψ2)
2a
)
, (B1)
where P = 1 + y22 + y
2
3, Q =
2
a2
+
y22+y
2
3
2a2
and R =
9(y22+y
2
3)
4b2
.
Appendix C: Loop function in Equation (107)
The loop functions g(xij) with (i 6= j) in Eq. (107) are given as
g(x12) =
1
a
[
a2
a2 − 1 + 1−
a2 + 1
a2
ln(a2 + 1)
]
,
g(x13) =
b
a
[
a2
a2 − b2 + 1−
a2 + b2
a2
ln
a2 + b2
b2
]
,
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g(x21) = a
[
1
1− a2 + 1− (1 + a
2) ln
1 + a2
a2
]
,
g(x23) = b
[
1
1− b2 + 1− (1 + b
2) ln
1 + b2
b2
]
,
g(x31) =
a
b
[
b2
b2 − a2 + 1−
a2 + b2
b2
ln
a2 + b2
a2
]
,
g(x32) =
1
b
[
b2
b2 − 1 + 1−
b2 + 1
b2
ln(b2 + 1)
]
. (C1)
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